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Feedforward-control-based nonlinear
control for overhead cranes with matched
and unmatched disturbances

Ligiang Wang', Xianqing Wu?® and Meizhen Lei*?

Abstract

In this paper, a composite control method consisting of a feedforward control method and a sliding mode control method is
proposed for control of the overhead crane. For existing methods, only matched disturbances are taken into consideration,
unmatched disturbances are usually neglected. To address this drawback, a disturbance compensation method is constructed
to attenuate the effects of disturbances and a continuous global sliding mode control method is devised to guarantee the
stability. More precisely, we first make some transformations on the original model. Then, a disturbance compensation
method is proposed and a continuous global sliding mode control scheme is introduced straightforwardly. The stability of the
closed-loop system and the convergence of the states are proven through complete theoretical analysis. Finally, simulation
and experimental tests are carried out to illustrate the regulation control property of the designed approach as well as its

excellent disturbance rejection characteristic.
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Introduction

Underactuated mechanical systems are widely utilized in
many industrial sites, the control of which has received a lot
of attention over the past several decades.''* As a commonly
found underactuated system, overhead cranes are also widely
used for their merits such as high efficiency, great load
capacity, and less energy consumption. For crane systems,
the major task is to move cargos from one position to another
position. One inherent problem limiting their efficiency is
that the cargo cannot be controlled directly by the control
input. Therefore, the underactuated characteristic that fewer
control inputs than variables to be controlled makes the
automation control of the overhead crane much more
challenging.

Literature review

During the past few decades, abundant efforts have been
made to solve the control issues of the overhead cranes.
Many results have been reported on the regulation control
of cranes. These results can be divided into open-loop and
closed-loop categories. One representative open-loop method is
input shaping theory, which has been proven to be valid on
cranes for reducing the payload swing.'*'® Some other open-
loop approaches like trajectory planning methods also have
been reported in the literature.'”'® However, these methods are
designed based on the exact knowledge of system parameters
and the linearized system model. As a consequence, the control
performance of these methods is easily affected by un-
certain system parameters, different initial conditions, and

external disturbances. For these reasons, owing to the robustness
of feedback control against uncertainties, numerous works
have been done. Specially, several control methods are
proposed based on the Lyapunov theory.'”? Considering
the system parameter variations, some adaptive control laws
are designed, which could estimate system parameters based
on some online update mechanism.”* 2’ In addition, on the
basis of the exact system information, some other interesting
control methods are also developed for the crane control,
which mainly include partial feedback linearization,®>°
model predictive control,*'** and so on.**

All of the above mentioned works focus on the regulation
control of the overhead crane system; uncertainties and ex-
ternal disturbances are ignored when making the control
design. However, uncertainties and external disturbances are
unavoidable in practical applications. For this case, consid-
ering the robustness of the sliding mode control technique with
regard to uncertain disturbances, many sliding mode control
approaches are developed for the disturbance rejection of the
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crane system. Specifically, Almutairi and Zribi investigate a
sliding mode control law for the position regulation and anti-
swing control of the crane system.”® By combining partial
feedback linearization and sliding mode control techniques,
Tuan et al. proposed a nonlinear controller for the overhead
crane system.>” Sun et al. constructed a new sliding manifold
and employed a sliding mode control scheme to guarantee the
state convergence.”® However, in order to eliminate the effects
of uncertain disturbances, the switching gains of these sliding
mode control methods should be chosen large enough. It is
well known that there exists the chattering problem for these
methods, which may lead to some undesired problems. Zhang
et al. utilized the disturbance compensation technique to re-
duce the effects of the disturbances, and a finite-time control
scheme is proposed. However, the swing elimination task is
not taken into consideration when making control design.** In
addition, from the theoretical viewpoint, for the existing robust
control methods, only matched external disturbances that exist
in the same channel as that of the control input are taken into
account, and unmatched disturbances are neglected.****

Motivation and incitement

After carefully summarizing the existing approaches for the
overhead crane, the following issues are still in existence
and need to be solved or require further improvements.

® The reported sliding mode control approaches for the
overhead crane system are discontinuous and have
the chattering problem, which may lead to perfor-
mance degradation or even system damage.

® Only matched disturbances are taken into consider-
ation when making control design, that is, existing
control methods are proposed on the basis of the
assumption that the disturbances existing in the crane
system satisfy the so-called matching condition.

In order to deal with these issues, inspired by the de-
velopment of disturbance compensation control,*> ™’ the
disturbance compensation control technique is employed to
attenuate the effects of uncertain disturbances in this paper.

Contribution and paper organization

This study seeks to design a nonlinear control scheme that
guarantees the state convergence, maintains its control per-
formance in the presence of matched and unmatched distur-
bances, and does not need to linearize the dynamic model near
the equilibrium point. To achieve these objectives, a contin-
uous global sliding mode control method, along with a dis-
turbance estimator, is designed for the overhead crane. In
particular, we first introduce the dynamic model of the crane
system, make some model transformations, and describe the
control objective. Then, a nonlinear disturbance estimator is
proposed, a continuous global sliding mode control approach
is devised, and detailed stability analysis is given. The
availability and robustness of the devised control approach
is verified via simulation and hardware experimental tests.
Compared with existing methods for the crane control, the
proposed control method here exhibits the following re-
markable features:

1. Different from most existing disturbance rejection
approaches, the proposed disturbance observer be-
longs to a feedforward control method, which is an
effective solution and can attenuate the effects of
disturbances from the system output.

2. The proposed sliding mode control method is con-
tinuous and global robustness against external dis-
turbances, which is of significant importance in the
engineering sense.

3. Both matched and unmatched disturbances are taken
into consideration, which is more realistic for
practical mechatronic systems.

The main work of this paper is outlined as follows. In the
second section, the dynamic model is provided and some
transformations are made. Then, in the third section, the
main results are introduced, which include the disturbance
observer design, continuous sliding mode control design,
and stability analysis. Simulation and experimental results
are provided in the fourth and fifth sections, respectively.
Finally, some conclusions are made.

Dynamic Model

In this paper, the regulation and disturbance suppression
control of the two-dimensional (2-D) underactuated over-
head crane system is considered, and the dynamic equations

of the overhead crane are'®3%38
(M + m)i + mlfcos O — ml@ sin = F + d, (1)
mi0 + mix cos 0 + mglsin 0 = d, )

where x(?) is the cart displacement, 8(¢) denotes the payload
swing angle, M is the cart mass, m is the cargo mass, / is the
rope length, g is the gravity acceleration, F(f) is the control
input, and d,(¢) is the matched lumped disturbance term
including frictions, unmodeled dynamics, uncertain dis-
turbances, and so on, which exists in the same channel as
that of the control input, d>(¢)' is the unmatched lumped
disturbance term that acts on the different channel from the
control input.

Before proceeding to the control development, some
transformations are made with respect to the original dy-
namic equation (1) and equation (2). On the basis of
equation (1) and equation (2), the following equations can
be obtained

F = pu —ml@ sin@ — (M + m)g tan 0 3)

X =—gtanf — I0sec O + d, sec H/ml 4

where the expressions of u(f) and y,(¢) are

t,(t) = —(M + msin® 0)lsec§ (6)
B d, cos @ B dr(M + m)
Hall) = (M +msin® )l (M + msin’ 0)ml* ™
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Then, the following auxiliary signals are introduced*®
x1=x+ IlIn(sec § + tan 0), x, = X ®)
X3 = —g tan 6, X4 = .X.f3 (9)

On this basis, one can rearrange equation (4) as

)51 = X2
Xo = X3 + (x3,%4)
X3 = X4 (10)

Xy = —gsec® O(u — p, + 20" tan 0)

where u(x3, x4) is an auxiliary function and the expression of
which is

DX N dyr\/g* +x3

11
@i mg Y

1(x3.x4) =

and u(f) is considered as the control input of the new system
model equation (10). For the practical overhead crane, the
control objectives mainly include two tasks. One is that the
cart needs to be driven from one position to another preset
position quickly and safely. The other one is that the
payload swing should be eliminated as the cart arrives at the
target location. The control objectives can be formulated by
tlin;x(t) = P, tler;H(t) =0 (12)
where p, is the desired location of the trolley. From equation
(8), equation (9), and equation (12), one can find that the
control objectives in equation (12) are equivalent to

limx; (¢) = pg, limx;(¢£) =0 (13)
t— 0 t—
To achieve these control objectives, the following var-
iables are constructed
€1 =X| — Pa, € =Xz, €3 = X3, €4 = X4 (14)

Then, the system model equation (10) can be converted
into the following form

él = €
é = e3 +p(es,es)
¢ = ey (15)

6y = —gsec” O(u— p, + 20" tan 0)

where u(es, e4) denotes the following auxiliary function

lese? Jra’m/g2 + €

(g +a)" mig

ules,eq) = (16)

with the upper bound of ¢€R™. The dynamic model
equation (15) will be utilized in the following controller
design and stability analysis.

Remark 1. At present, it is challenging for a disturbance-
observer-based control method to deal with the control of
the overhead crane system with nonvanishing unmatched

disturbances. In the future, we will concentrate our attention
on developing disturbance-observer-based control methods
for the crane system in the presence of nonvanishing un-
matched disturbances.

Main results

In this section, based on the obtained dynamic model
equation (15), a nonlinear disturbance observer will be
designed. Meanwhile, a continuous global sliding mode
control scheme is introduced and the corresponding sta-
bility analysis is provided.

Disturbance observer design

In order to compensate uncertain disturbances through a
feedforward control way, a nonlinear disturbance observer
will be investigated. To begin with, the fourth equation of
equation (15) is rewritten as the following form

és=futfatf; (I

where f,(7) is considered as the control input and f{¥) is an
auxiliary function, whose expressions are

fo = —gusec® 0, f; = —2g sec’ 00 tano  (18)

and f; (¢) is considered as the uncertain disturbance with the
bounds that |fy|<v,,|fs|<va (vp,0a €RT denote prior
known constants). We assume that f(¢) is unknown and
needs to be estimated. To achieve the disturbance estima-
tion objective, based on equation (17), a linear filter is
introduced

Y = ey +ae; (19)

where a € R" is a control parameter. Then, based on
equation (17) and the linear filter equation (19), and inspired

by recently proposed disturbance-observer control

methods,”” ™ the following disturbance observer is
constructed

.]?d:& +Té& (20)

é‘]z—/l(81+82 +f; +ff+0!€4) (21)

&=y (22)

wherein _/?d (¢) is the estimated disturbance, ¢, ¢, are aux-
iliary variables, and 1 € R™ is an observer gain.

Theorem 1. Under the designed disturbance observer
equations (20)—(22), the time derivative of the observation
error between the real disturbance and the estimated dis-
turbance is always kept in a range in the sense that

lim| Fat)|<204 23)

where £ ,(t) = fa(t) —_;’\d(t) is defined as the disturbance
observation error.



5788

Proc IMechE Part C: | Mechanical Engineering Science 236(11)

Proof: First, taking the time derivative of f,(¢) and
utilizing the time derivative in equation (20) yields
fo=ta—to=tfa—tr—ea=f, =W, (@4
where equations (17) and (19) have been used. Obviously,
the observation error system (24), with /() viewed as an
input, is input-to-state stable (ISS). By solving the differ-
ential equation (24), due to that |f,|<vs, the following
results can be obtained

fx0=fﬁmf”+é”/fAﬂ¥m
0

, (25)
<f ,(0)e™ + e’“vd/o é*de
One can conclude from equation (25) that
lim, (1) <= (26)
By performing similar analysis, we have
limf, (1) == 27)

Then, the conclusion lim, _, ,,|f;(¢) |<% can be obtained.
In addition, according to equation (24), one can obtain that

a@OI=|f 0] + 12 o(0) |5 204 (28)
The proof for this theorem is completed.

Controller design

Considering the control objectives of the underactuated
crane system, the following sliding manifold is constructed

s =eq(t) — es(0) — /Otgo(r)dr (29)

where ¢(¢) is defined as
O = —c4eq — C363 — €7 — C1€) (30)

where c1,¢2,¢3,c4 €RY are positive constants and selected
to satisfy the subsequent conditions. Define that

G

n OO O

1 0 0
0 1 0
0 0 1
—c —¢ —c —c¢

1 2 3 4

and assume that A(—A) is the real part of the leftmost ei-
genvalue of — 4. ¢y, ¢, ¢3, ¢4 should be chosen to make 4
Hurwitz and the upper bound of u(e3, e4) in equation (16)
¢ <AM(—A). It can be observed from equation (29) thatat =0

$(0) = ex(0) —ex(0) = [ o =0 (2)

which indicates that the initial states are on the sliding
manifold s(?).

Next, from the constructed sliding manifold equation
(29), it is interesting to find out that one can construct the
relation between the sliding manifold s(¢) and the auxiliary
control input f,(¢) by taking the derivative of s(¢) with re-
spect to time. According to this characteristic, the following
non-negative function is selected

Vv(t) =5 (33)

Taking the time derivative of V() and making some
algebraic manipulations, one can obtain that

Vo) =s(fu+fa+s; —0) (34

where the time derivative of s(f) in equation (29) and é,(¢)
in equation (17) have been used. Then, in order to render the
sliding manifold s(¢) attractive and invariant, based on the
constructed disturbance observer in equations (20)—(22),
the auxiliary control input f,(¢) is designed as follows

fu = —k,sgn(s)\/]s] — ki/o sgn(s)dz — 1, —Jf+e 35

Wherefd(t) is the estimated disturbance in equations (20)—
(22), kp,ki € R™ are control parameters and chosen in light
of the following criterions*’

B 4vo, ~ 204(1 +9)
h=oVa e 5T o

(36)
where w, v, U, k meet the following conditions

2 1

o —=Kk>1* —9(1 +w)K+Z(1 + o)’
v

0<9<1,v>1, dv>1

By substituting equation (35) into equation (3), and
using equation (18), the ultimate control input F(f) can be
obtained

(M + msin® 6)l cos 0
g

F =

|~ ysen(s) VIl

_ki/ sgn(s)dz _?d —fr+ 60} 37
0

—ml§’ sin® — (M + m)g tan 0

Stability analysis

Before proceeding to stability analysis, the following
lemmas are introduced.

Lemma 1. For a system with the following dynamic
equations

X1 = —kisgn(x;)/Jxi| +x (38)
Xy = —kasgn(x) + g,

If o; < L and ky, k, satisfy the following conditions
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L 119 Theorem 3. When the state variables stay on the sliding
kh=w ky = L (39) manifold, that is s(#) = 0, the state variables are bounded and

1-N ~ 1-9

where L € R is a known parameter, and w, v, 1, x meet the
following relationship

2 1

o —=k>1> —9(1 —|—a))zc—|—z(1 + o)’
v

0<9<1,v>1, dv>1

Then, the states of the closed-loop system equation (38)
will converge to the origin in finite time.*’
Lemma 2. Consider a system with the following form

X1=X2
x2:x3—|—d (40)
)63:)C4
)(?4:1/{

with the vanishing disturbance d(¢). Under the following
control method

U = —C4Xy — C3X3 — C2Xy — C1X] (41)

and ¢y, ¢, c3, ¢4 are chosen to satisfy that

0 1 0 0
0 0 1 0
4= 0 0 0 1 “42)
—Cp —C —C3 —C4

is Hurwitz. Assume that A(—A4) is the real part of the
leftmost eigenvalue of — 4 and the upper bound of d(¢) is d
(d €R" is a priori known constant). If d <A(—A4), all states
of the closed-loop system equation (40) will asymptotically
converge to zero.’

Theorem 2. Under the control method equation (37)
proposed here, the state variables e;(?), ex(?), es(f), es(t)
always stay on the sliding manifold s(z) = 0 for ¢t > 0.

Proof: Consider the sliding manifold in equation (29),
the time derivative of which is

s(t) =és(t) — o (43)

By substituting equation (17) and the proposed auxiliary
control input equation (35) into equation (43), the following
equation can be obtained

§ = —kysgn(s)\/]s| — k,-/o sgn(s)dr +/,  (44)

which can be rewritten as

§ = —kysgn(s)/Is] + 6 (45)
5= —ksgn(s) +f,

where d(f) is an auxiliary variable. Since the observation
error system equation (24) is ISS, the observation error
f4(¢) will not escape to infinite. By employing the con-
clusion of Lemma 1, one can conclude that s(f) and s(¢)
converge to zero in finite time. From equation (32), we
know that the initial states are on the sliding manifold s(7).
Hence, it follows from the previous analysis that s(f) = 0 for
t > 0. Thus, the proof is concluded.

converge to the equilibrium point in finite time, that is
lim,_.[e e e e]'=[000 0] (46)

Proof: According to the conclusion of Theorem 2, it is
clear that s(f) = 0 and s(¢) = 0 for #> 0. Therefore, based on
the equation (29), the following result can be obtained

S = €4 + c4e4 + 363 + Crey + 11 =0 47)

Then, the dynamic model equation (15) becomes

él =€

é; = e3 + u(es,es) (48)
€3 =e4

é4 — —C4€4 — C3€3 — Cr€y — (1€

Since the control gains ¢y, ¢,, ¢3, ¢4 satisfy the conditions
in Lemma 2. Hence, by invoking the conclusion of Lemma
2, all the states will converge to the equilibrium point fi-
nally, in the sense that

[e; e e3 e]"=[000 0] (49)

which is equivalent to
[x%600] =[ps000] (50)

Hereto, this completes the proof.

Remark 2. Existing robust control methods for under-
actuated crane systems usually assume that external dis-
turbances satisfy the so-called matching condition, that is,
the disturbances only exist in the same channel with the
input. In addition, for these methods, the disturbances are
removed by feedback control, which is a robust way.

Simulation Results

In this section, by use of the Matlab/Simulink software, two
groups of simulation tests are made to demonstrate the
excellent regulation and disturbance rejection characteris-
tics of the devised control law in comparison with a pre-
viously proposed approach.”® In the first group, assume that
no disturbances exist in the overhead crane system, and the
regulation performance of both methods is examined. In
the second group, different disturbances consisting of the
matched disturbance and unmatched disturbance are im-
posed on the crane system to examine the disturbance at-
tenuation property of the developed approach. The
expression of the selected energy-based regulation control
(EBRC) method?® is that

M + msin® 0 k

F=— % tanh(x — k sin 6 —
L+ & + kk,cos0/1 |7 " (x = ksin0 = pa)

—i—% (% — kOcos 0) + %Sin 6 (g cos 6 + 192)/1

—msinf(gcosf + 192)

G
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Trolley position Trolley position
8 w w w 8 ‘ ‘
E [T E [T~
= 4r , = 4 |
= =
0 0

0 2 4 6 8§ 10 12 14 16 18 20

Payload swing angle

0 2 4 6 8§ 10 12 14 16 18 20

Control input

2 4 6 8 10 12 14 16 18 20
Time (s)

Figure |. Simulation results of the EBRC method (equation (51))
(solid line: trolley displacement, payload swing angle, control
variable; dashed line: the preset position).

where p,; is the desired position. The control parameters of
the EBRC method are set to be

k, =088, k; =188,k =001,k=32,1A=1
and these parameters of the proposed approach are selected
as

ky =632, k=6,c,=1,c,=3.05,c3=4,¢c4, =2.64

The observer gains of the designed disturbance observer
are selected as

A=30,a=2
The system parameters of the overhead crane system are

M = 24kgm = 12kg,/ = 1.5m

The target location of the cart is chosen as p; = 6 m.

Regulation Performance

The obtained simulation results of this test are given in
Figures 1 and 2. In addition, with the aim of comparing the
control performance of both methods quantitatively,
quantified results are included in Table 1, which include the
following specifications:

e Rise time £, The rise time is the first time that the cart
reaches the preset location.

® Maximum payload swing angle 6,.x: Gmax 1S the
maximum of the absolute value of the payload swing
angle during the whole control process.

e Residual swing angle 6. Residual swing angle
represents the maximum swing amplitude after the
cart arrives at the preset location.

0 2 4 6 8§ 10 12 14 16 18 20

Payload swing angle

0 2 4 6 8§ 10 12 14 16 18 20

Control input
40 \ ‘ :

g
0 2 4 6 8 10 12 14 16 18 20
Time (s)

Figure 2. Simulation results of the proposed method (equation
(37)) (solid line: trolley displacement, payload swing angle,
control variable; dashed line: the preset position).

e Positioning error en,,: Positioning error is the
maximum error between the real position and the
desired position after the cart arrives at the preset
location.

e Maximum control input Fiyax: Finax 1 the maximum
control input that is required by the controller.

From the obtained simulation results in Figures 1 and 2,
it can be seen that both the existing EBRC method and
the developed method here could regulate the trolley to the
target location and eliminate the payload oscillations in the
end. Although the maximum payload swing angle under
the EBRC method is smaller than the proposed control
method, the maximum payload swing angle under the
proposed control law here is acceptable. Moreover, by
comparing the obtained specifications of the existing
method and the designed method here, it can be seen that the
existing EBRC approach takes much more time than the
proposed approach to accomplish the control objectives. By
contrast, the proposed control method shows better tran-
sient response and satisfactory steady state performance.

Robustness Performance

In this group, the payload mass is set to be m = 20 kg and the
desired location of the trolley is set to be p; = 4 m. In
addition, to prove the strong robustness of the developed
strategy against the matched and unmatched disturbances,
the following disturbances are chosen

d (t) = 3sin(0.4x¢), dy(t) = 2 cos(0.4xt)

The results of this test are depicted in Figures 3 and 4,
respectively, and the corresponding quantified results are
given in Table 1. From the simulation results of this group,
one can find that even both matched and unmatched dis-
turbances exist in the crane system, the cart is driven to the
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Table I. Quantified simulation results.

Controllers t, Omax Ores €max Frax
Group |: EBRC method (51) 18.64 2.85 0.03 0 20.48
Group |: proposed method (37) 7.05 7.07 0.02 0 36.22
Group 2: EBRC method (51) 12.81 2.65 0.79 0.05 20.46
Group 2: proposed method (37) 6.88 4.68 0.03 0.0l 28.98

Trolley position

6 \ T ‘
= ]

0 1 1 1 1 1 1 1 1 1

0 2 4 6 8 10 12 14 16 18 20

Payload swing angle

5 : . :
C o T
£

-5 L L L L L L L L L

0 2 4 6 8§ 10 12 14 16 18 20

Control input

z
< O

0 2 4 6 8 10 12 14 16 18 20
Time (s)

Figure 3. Simulation results of the EBRC method (equation (51))
(solid line: trolley displacement, payload swing angle, control
variable; dashed line: the preset position).

preset location rapidly and accurately, and no residual
payload oscillations exist under the proposed method,
which shows superior disturbance estimation and com-
pensation performance. By contrast, the rise time under the
existing EBRC method is much longer than the proposed
method. Moreover, there exist positioning error and re-
sidual payload oscillations under the EBRC method, and
the efficiency of the crane system will be influenced.

Experimental examination

In this section, two groups of experimental tests are carried
out in a laboratorial testbed (as shown in Figure 5) to further
examine the regulation and disturbance rejection charac-
teristics of the devised control approach. Similar to the
simulation examination part, the existing EBRC method
equation (51) is selected for a comparison study. The pa-
rameters of the testbed are
M = 9.473kg,m = 1kg,/ = 0.55m

The control parameters of the existing EBRC approach
equation (51) are
k, =0.156, k; = 0314, k, = 1.4, k =3.2, = 0.01

and these parameters of the proposed control method are

kp = 235, ki = 733, Cc = 1,6‘2 = 3, C3 = 3, Cy = 1.5

Trolley position
g
w
8§ 10 12 14 16 18 20
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Figure 4. Simulation results of the proposed method (equation
(37)) (The former three subfigures—solid line: trolley
displacement, payload swing angle, control variable; dashed line:
the preset position. The fourth subfigure—uncertain disturbance
and estimated disturbance).

1

Servo driver &
Motion control board

Figure 5. Experimental testbed.

The observer gains of the designed disturbance observer
are selected as

A=10,a=2

The desired location of the cart is set to be p;, = 0.4 m.
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Table 2. Quantified experimental results.

Controllers t, Ormax Ores €max Finax
Group |: EBRC method (51) 7.6 1.65 0.04 0.0022 12.47
Group |: proposed method (37) 4.15 1.80 0.05 0.002 | 12.71
Group 2: EBRC method (51) 5.3 4.68 0.44 0.018 12.9

Group 2: proposed method (37) 3.96 491 0.13 0.015 14.63

Trolley position

6 8§ 10 12 14 16 18 20

0 2 4 6 8 10 12 14 16 18 20

Control input

0 2 4 6 8 10 12 14 16 18 20
Time (s)

Figure 6. Experiment results of the EBRC method (equation
(51)) (solid line: trolley displacement, payload swing angle,
control variable; dashed line: the preset position).
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Figure 7. Experiment results of the proposed method (equation
(37)) (The former three subfigures—solid line: trolley
displacement, payload swing angle, control variable; dashed line: the
preset position. The fourth subfigure—estimated disturbances).
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Figure 8. Experiment results of the EBRC method (equation
(51)) (solid line: trolley displacement, payload swing angle,
control variable; dashed line: the preset position).

Regulation Performance

The experimental results of this test are shown in Table 2,
Figures 6 and 7. It can be observed from these results that
both the existing EBRC method and the designed method
here can drive the trolley to the target location accurately,
suppress the payload oscillations effectively, and eliminate
the residual payload oscillations finally. However, the
comparative EBRC method takes 7.6 s to drive the trolley
from the initial point to the preset location. By contrast, the
rise time of the introduced approach here is only 4.15 s,
which is more efficient than the existing EBRC method.

Robustness performance

In this test, the robustness of the devised approach will be
examined. The target location of the trolley is set to be p, =
0.35 m. In addition, uncertain disturbances are imposed on
the payload during the control process. Hence, in the ex-
perimental test, the maximum payload swing angle is in-
duced by the external disturbances.

The experimental results of this test are shown in Figures
8 and 9 and Table 2. From Figure 8, one can find that, under
the existing EBRC method, the cart can be re-driven to the
preset position when external disturbances disappear.
However, the payload exist severe residual oscillations after
the cart reaches the preset location. By contrast, for the
proposed control approach, not only the trolley is re-driven
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Trolley position . ‘g . .
0.6 : : ‘ work, adaptive sliding mode control without a priori
= o4l il bounded uncertainty”' will be fully considered.
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0 L, Declaration of conflicting interests
0 2 4 6 8 10 12 14 16 18 20 ) . ) )
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6 Payload swing angle spect to the research, authorship, and/or publication of this article.
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Figure 9. Experiment results of the proposed method (equation
(37)) (The former three subfigures—solid line: trolley
displacement, payload swing angle, control variable; dashed line:
the preset position. The fourth subfigure—estimated
disturbance).

to the preset location accurately, but also residual payload
oscillations are removed even in the presence of uncertain
disturbances, which is a benefit from the proposed dis-
turbance observer and the global continuous sliding mode
controller.

In summary, it is concluded that the designed control
approach here exhibits satisfactory regulation control
property and excellent robustness with respect to matched
and unmatched disturbances.

Conclusion

In this paper, the regulation and disturbance rejection of the
underactuated overhead crane system have been considered
and a feedforward-control-based nonlinear control method
is developed. The proposed control method consists of
feedforward compensation control and continuous sliding
mode control, which compensates uncertain disturbances
and guarantees the convergence of the state variables.
Compared with existing approaches for the overhead crane
control, the designed control approach possesses both the
theoretical and practical significance. On the one hand, both
matched disturbances and unmatched disturbances are
taken into account. On the other hand, the proposed control
approach here is continuous and its robustness against
disturbances is global. The included simulation and ex-
perimental results have shown that the strategy devised in
this paper realizes the regulation control objective excel-
lently and attenuates the effects of the matched and
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Abstract

The stabilization and disturbance rejection of the translational oscillator with a rotating actuator (TORA) are considered in this paper. To deal with the
control issues, a novel continuous sliding mode control method is designed for the TORA system. Compared with existing sliding mode control meth-
ods for the TORA system, the proposed method here is continuous. Specifically, first, a global diffeomorphism is introduced for the model of the
TORA system. Then, an elaborate sliding manifold is constructed, and a continuous sliding mode control scheme is developed to ensure the conver-
gence of the sliding manifold. Furthermore, rigorous theoretical analysis is given. Finally, simulation tests are carried out, and the obtained simulation

results demonstrate that the proposed method exhibits superior stabilization control performance and strong robustness.

Keywords

TORA, underactuated system, sliding mode control, Lyapunov theory

Introduction

The translational oscillator with a rotating actuator (TORA)
system (as shown in Figure 1), including a translational cart
and a rotating disk, is originally devised as a simplified model
of a dual-spin spacecraft to investigate the resonance capture
phenomenon (Bupp et al., 1998). Because of the special fea-
tures of the TORA system, such as nonlinear, underactuated,
strong coupling, and so forth, this system has been frequently
utilized as an interesting benchmark example to examine the
control performance of novel advanced control methodolo-
gies (Chen and Huang, 2012; Li et al., 2018, 2020; Mobayen,
2016; She et al., 2012; Wu et al., 2017; Zhang et al., 2016). In
particular, as a classical nonlinear underactuated system, the
TORA system is governed by fewer number of control inputs
than controlled variables. Hence, the dynamics of the TORA
system are much more complicated than these of full-actuated
mechanical systems, and these characteristics bring about
many challenges for the control design and make most exist-
ing control methodologies ineffective. Therefore, the control
design issues of this system have attracted significant amount
of interest.

During the past few decades, a lot of control methods have
been reported for the TORA system in the literature. The
existing methods mainly include two categories: cascade-
based control and passivity-based control. For the former
approach, the dynamics of the TORA system need to be
reformulated by diffeomorphism or coordinate transforma-
tions. Specifically, Guo and Liu (2019) design a nonlinear
controller on the basis of the backstepping technique. Assume
that velocity variables are not available, many output feed-
back control approaches are reported (Gao et al., 2013; Wu

et al., 2021a; Xu et al., 2020). On the basis of the passivity
characteristic of the TORA system, some saturated constraint
control schemes have been designed and published in the liter-
ature (Gao et al., 2014; Sun et al., 2017). Besides, taking
uncertain disturbances or uncertain system parameters into
consideration, other methodologies, including adaptive con-
trol (Wu et al., 2019; Wu and Gu, 2019), sliding mode control
(Chen et al., 2018; Cheng et al., 2019; Mobayen, 2016; Wu
et al., 2021b), intelligent control (Wu et al., 2018), and so
forth (Liu et al., 2019; Tavakoli et al., 2005), have also been
proposed and utilized to address the control issues of the
underactuated TORA system.

So far, although a lot of control approaches have been
investigated for the stabilization and disturbance attenuation
of the TORA system, many issues need to be solved or
require further improvements. For instance, existing control
approaches, especially passivity-based control approaches
(Gao et al., 2013; Sun et al., 2017; Wu et al., 2021a; Xu et al.,
2020), only consider the stabilization control of this system,
and they are usually designed based on an ideal model,
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Figure |. Schematic diagram of the TORA system.

without consideration for uncertain disturbances, unknown
system parameters, unmodeled dynamics, and so on.
However, uncertainties are unavoidable for practical mechan-
ical systems. In addition, uncertain disturbances can be
addressed by sliding-mode-based control schemes (Chen
et al., 2018; Cheng et al., 2019; Mobayen, 2016; Wu et al.,
2018), but these existing methods are discontinuous, which
will result in severe chattering problems and even may cause
potential damages to actuating devices.

To attenuate and eliminate the effects of disturbances, slid-
ing mode control has been proven to be an effective approach,
which has been widely investigated and utilized in many areas.
Therefore, motivated to overcome the existing drawbacks of
reported control methods, a continuous sliding mode control-
ler is exploited for the control design issue of the TORA sys-
tem here. In particular, a change of coordinates in original
dynamics is made. Subsequently, an elaborate sliding mani-
fold is introduced, and a continuous sliding mode controller is
devised. The corresponding convergence result of all the states
is proven via rigorous theoretical analysis. Finally, some simu-
lation tests are provided to verify the stabilization perfor-
mance and robustness of the introduced continuous sliding
mode controller. In sum, the proposed controller here pos-
sesses the following features:

1. An elaborate sliding manifold is introduced, based on
which a continuous sliding mode controller is devel-
oped for the TORA system.

2. In comparison with traditional sliding mode control
approaches, the proposed sliding mode controller is
continuous, which is convenient for engineering
implementations.

The remainder of the paper is organized as follows. In the
“System model” section, the dynamic equations of the TORA
system are provided, and a change of coordinates in original
dynamics is made. In the “Main results” section, an elaborate
sliding manifold is constructed, a corresponding continuous
sliding mode controller is developed, and the detailed stability
analysis is given. In the “Simulation verification” section, the
stabilization performance and robustness of the proposed
control method are verified through numerical simulation

tests. Finally, the main work of this paper is summarized in
the “Conclusion” section.

System model

The schematic diagram of the TORA system is shown in
Figure 1. It consists of a translational cart with mass M con-
nected to one fixed end through a linear spring with spring
constant k. On the cart, a rotating disk is actuated by a direct
current (DC) motor with the control torque u(¢). The mass of
the disk is m, and the distance between the disk and the rota-
tional axis is L. The rotating disk has moment of inertia J
around its center of mass. The dynamics of the TORA system
can be obtained by using Newton’s law as follows

(M+m)5é+mL(écostézsin0>+kx=0 (1)

mLicos® + (mL* +J)6 =u+d (2)

where x(¢) is the displacement of the translational cart, 6(¢)
denotes the angular position of the disk, and d(¢) represents
the lumped disturbances/uncertainties.

Before proceeding with the control development, a global
diffeomorphism is introduced

n mLécosG’ﬁ:é
M+ m

m=0m=xmn=x (3)
which transforms the dynamics (equations (1) and (2)) into

the following form

=179 (4a)
. mL¥ cos m;
= -——1+4
2 M+ m 3 (4b)
S kmy
LTy - (4c)
S=u, +d, +11 (4d)

where u,(¢) is an auxiliary control variable to be designed,
d,(t) is the equivalent external disturbance term, and II(?) is
an auxiliary function, the expressions of which are

_ M+ m (5)
Ha (M + m)(mL? + J) — m2L2 cos? !
M+ m
de = (M + m)(mL? + J) — m2L? cos? d (6)
—mL L9 sinm, — k
[~ —mLeosm (mLY* sinmy — kn,) o

(M + m)(mL? + J) — m2L? cos? m,

Considering real-world mechanical systems, suppose that
the time derivative of d,(¢) satisfies the following condition

d.(1)| <@ (8)

where @ € R™ is a prior known positive constant.
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The aim of this paper is to maintain the system at the equi-
librium point using an appropriate controller, that is

limx x 6 6"=0 0 0 o (9)

(—

Based on the introduced global diffeomorphism (equation

(3)), it is easy to see that equation (9) is equivalent to

lim[m, m, m O]'=[0 0 0 o (10)

Hence, the new dynamics (equation (4)) will be utilized for
the forthcoming control design and stability analysis.

Remark 1: The stabilization and disturbance rejection of the
TORA system are more complex than it might appear at first
glance. On one hand, the nonlinear coupling between the
rotational motions and the translational oscillations increases
the difficulty of the control design. On the other hand, it is
very challenging to construct a suitable sliding manifold
which can simultaneously stabilize both actuated and unactu-
ated system states.

Main results

In this section, the detailed control design process and stabi-
lity analysis will be provided.

Control design

First, based on the dynamics (equation (4)), a sliding manifold
is constructed as follows

(11)

where ki, k, € R™ are positive constants. Taking the time
derivative of both sides of equation (11), the following equa-
tion can be obtained

s =9+ kimy — kym,cosm,

mLY cos

s:19+k119+k2( M m

- "73) cosny + kymp ¥ sin
(12)

Then, based on equalities (4d) and (12), the auxiliary con-
trol variable u,(¢) is designed as follows

t

u, = — ky/|s|sign(s) — k; Jsign(s)dq- —1I
0

mL¥ cos m,

- 7)3) cosny — kymydsinm,
(13)

where k,, k; € R™* are positive constants and chosen as follows
(Moreno and Osorio, 2012)

1+
. k= BW

1-B

(14)

To guarantee the robustness, finite-time stability of the
sliding mode control method, «, B, y, v should satisfy the fol-
lowing conditions (Moreno and Osorio, 2012)

a—%'y>'yz—,8(l +a)y + %(1 +a)2
v

0<B<l,v>1,B8v>1

Thus, based on equation (5), the actual control variable
applied to the TORA system is yielded

(M + m)(mL? + J) — mPL?* cos? m,
“ M+ m ta

(15)

where the expression of u,(¢) is provided in equation (13).

Stability analysis

In order to prove the performance of the proposed continu-
ous sliding mode controller, the following theorem is given
and the corresponding theoretical analysis is provided.

Theorem 1: Under the control of the proposed continuous
sliding mode controller (equation (15)), the control objective
can be achieved, that is

limfx x 6 6]' =0 0 0 0o

lim (16)
Proof: First, by substituting equations (4d) into (12) for d(¢),
the following equation can be obtained

t
§= —ky\/Is[sign(s) — ki Jsign(s)df +d, (17)
0

where the designed auxiliary control variable u,(¢) in equation

(13) has been used. Then, by introducing an auxiliary variable,

equation (17) can be rewritten in the following form

{s = —kp/lslsign(s) + ¢ (18)
¢ = — ksign(s) + d,

Since the control constants k,,k; satisfy the conditions
given in equation (14), by employing Theorem 2 of Moreno
and Osorio (2012), we can conclude that

s—0,5§—0 (19)
in finite time Ty. According to the expression of s(f) in equa-
tion (11), it is clear that
s=0& 9= —kmn + kmn,cosmn, (20)

after finite time 7.

Next, in order to analyze the convergence of all the states
of the closed-loop system, consider a Lyapunov function can-
didate with the following form
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ko,

Va(t) = Smt

kz(M + m) 2

k(M + m)*
+
mL "

omLk 3 (21)

Differentiating both sides of equation (21) with respect to
time yields that

Va(t) = = 9(=kimy + kamy cosmy) (22)

where the global diffeomorphism (equation (3)) and the

dynamics (equation (4)) have been utilized. On the basis of

the previous conclusion (equation (20)), it can be yielded that

Vo(t) = =9 = — (=kamy + kam, cos m)’ (23)

after finite time 7y, which indicates that the Lyapunov func-

tion candidate ¥ (¢) is nonincreasing. To examine the conver-
gence of the Lyapunov function candidate V,(¢), let

S = {(m1mp,my) |V (2) = 0} (24)
It is clear from equations (23) and (24) that in S
9 =0,kim, —kymycosm =0=9 =0 (25)
which, together with equations (4a) and (4b), imply that
m=cL,m=c=>m=m=0 (26)
which, together with equation (4c), further indicate that
m =0 (27)

where ¢1,c¢; € R are constants. On the basis of the previous
conclusion n, = 0 and equation (25), one can conclude that
m =20 (28)
Hence, from the previous analysis, one can find that the
only solution that can stay identically in S is the equilibrium
point. Hence, by applying LaSalle’s invariant principle
(Khalil, 2002), we can conclude that the origin is asymptoti-
cally stable. This completes the proof.

Simulation verification

In this section, the performance of the proposed continuous
sliding mode controller will be verified by use of MATLAB/
Simulink. Specifically, two groups of simulation tests will be
given to verify the superior performance of the developed
scheme. More precisely, in the first group, the stabilization
control performance of the proposed continuous sliding mode
control method is examined. In the second group, the robust-
ness of the proposed continuous sliding mode controller
under different uncertain disturbances will be verified. In
order to show the stronger robustness of the developed con-
trol scheme, the adaptive control (adaptive control (ADC))
method of Wu and Gu (2019) is chosen for a comparison
study. The expression of the ADC approach is

kb + kab + kxcosfa k.0
1+ k (k2 —6*)(1 + k)

where k,, kq, k. € R* stand for control parameters, k, is the
state constraint parameter, and & is the estimated value of w,
which is generated by the following equation
@ = Proj(@, ) (30)
where ¢ = k,x0cos@ and k, € R™ is an update gain. For
brevity, the detailed expression of the update mechanism is
omitted here. The values of the control parameters of the
ADC method are selected as the same as those given in Wu
and Gu (2019).
For the subsequent simulation studies, the system para-
meters of the TORA system are chosen to be (Wu and Gu,
2019)

M = 1.3608kg,m = 0.096kg, k = 186.3N/m  (31)

L =10.0592m,J = 0.0002175 kg - m? (32)

According to the conditions given in equation (14) and
after abundant simulation tests, the control parameters of the
proposed continuous sliding mode controller are set as
follows

ky, =42.42,k; = 38,k = 11,k = 650

Stabilization control examination

In this group, different initial conditions will be considered
and corresponding simulation results will be provided.
Toward this end, the following two cases are examined:

)

Case 1: x(O))'c(O)O(O)é(
0)6(0)

"= [~0.02m 0 0.3rad 0]"
Case 2: [x(0)x(0)6(0)6( ! =

0
0 0.02m 0 0 0]".

Figures 2-5 record the simulation results of the above-
mentioned two cases, respectively. It can be found from
Figures 2-5 that the state responses of both cases are stabi-
lized to the equilibrium point and there are no residual oscil-
lations for the translational cart, which indicates that both
the ADC method (equation (29)) and the designed method
(equation (15)) can guarantee that the cart and the disk are
driven to the original point even for different initial condi-
tions. Furthermore, from the control input curves in Figures
3 and 5, one can find that the developed sliding mode control-
ler is continuous, which is of important significance for prac-
tical applications.

Robustness to uncertain disturbances

In this part, the robustness of the proposed continuous sliding
control scheme against different external disturbances will be
verified. To this end, pulse disturbance, random disturbance,
and sine disturbance are imposed on the TORA system. For
the following two cases, we assume that the initial states are
Zeros.

Case 1: The different disturbances are d(f) = 0 for r<5s
and d(¢) = 0.08 for 5s <¢<5.2s; random disturbance with
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Figure 2. Simulation results of stabilization examination, Case |: the
existing method (equation (29)).

Figure 4. Simulation results of stabilization examination, Case 2: the
existing method (equation (29)).
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Figure 3. Simulation results of stabilization control examination, Case
I: the proposed method (equation (I5)).

the amplitude 0.08 for 20s=<r<30s and d(f) =0 for
30s<¢=<40s.

Case 2: The disturbance is d(f) = 0.5sin (0.277)/(1 + ¢) for
0=<r=40s.

Figure 5. Simulation results of stabilization control examination, Case
2: the proposed method (equation (15)).

For the above two cases, the obtained results are plotted
in Figures 6-9. Since uncertain disturbances are neglected
when making control design for the existing control method
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Figure 8. Simulation results of robustness examination, Case 2: the

existing method (equation (29)).
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(equation (29)), it can be seen from the obtained simulation
results for the existing control method (equation (29)) in
Figures 6 and 8 that the effects of external disturbances can-
not be eliminated by the ADC method (equation (29)), espe-
cially the rotating disk is not stabilized to the original point in
Case 2. In addition, the ADC method (equation (29)) exhibits
the control peaking phenomenon, which could destabilize the
system. On the contrary, uncertain disturbances are taken
into account in this paper; the stabilization performance of
the developed method is hardly affected by different uncer-
tain disturbances. The results of this group indicate that the
developed continuous sliding mode control method shows
superior disturbance rejection performance.

Remark 2: From the simulation results obtained in the above
two groups of simulation tests, it can be found that the stabi-
lization performance of the two methods is similar when
there are no uncertain disturbances for the TORA system.
But the disturbance rejection performance of the existing
method (equation (29)) is unsatisfactory because of the pres-
ence of uncertain disturbances. On the contrary, even in the
presence of uncertain disturbances, the control performances
of the proposed method are satisfactory.

Conclusion

In this paper, a continuous sliding mode controller has been
proposed for the stabilization and disturbance rejection of the
TORA system. The proposed method exhibits excellent stabi-
lization and disturbance rejection performance. On one hand,
uncertain disturbances can be eliminated by the proposed con-
trol method. On the other hand, compared with traditional
sliding mode controllers, the proposed sliding mode controller
is continuous. The simulation results have shown that the pro-
posed continuous sliding mode controller possesses superior
stabilization and disturbance elimination performance.
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Abstract

The paper presents a novel phase-locked loop (PLL)-based resonant frequency tracking method for linear
compressors with oscillatory motions. The proposed method achieves the phase-locked control between two
signals by using PLL, which includes a multiplier, and a low-pass filter to obtain the phase signal difference.
Consequently, based on the phase signal difference, the electrical frequency of the power supply can be
adjusted through a PI (proportional-derivative) regulator such that the phase signal difference converges to
90° and the linear compressor works under the resonant frequency conditions. The analytical expression
of the resonant frequency condition is proposed for the linear compressor. Then, the detailed design
and procedure of the proposed method are presented. The designed method and the resonant frequency
characteristics are verified by using the simulation experiment. The simulated results demonstrate that the
proposed algorithm has faster response speed and higher convergence accuracy to step load change in
comparison with the other commonly used algorithms.
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1 INTRODUCTION

Unlike the conventional rotary compressor that employs a
crankshaft as the intermediate mechanism for converting the
rotary motions from an induction motor to linear reciprocating
motions to drive a compressor pump [1], the linear reciprocating
compressor utilizes a linear reciprocating motor and resonant
springs to directly drive the compressor piston and therefore has
relatively high overall efficiency due to the elimination of the
inherently frictional loss caused by the crankshaft mechanism in
conventional rotary compressors [2]. The efficiency improvement
of 10-20% has been demonstrated in linear compressors as
compared with conventional rotary compressors [3]. The linear
reciprocating compressor also offers significant advantages over
its conventional counterpart including compact structure, higher
controllability, lower vibration and noise and simpler modulation
means. Therefore, the direct-drive linear compressor has attracted
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much attention recently and has been employed in household
refrigeration appliances, thermoacoustic, vasculature and stirling
regenerative cryogenic systems as a key component to save energy
and reduce CO; emission [4].

The linear compressor operates most efficiently and requires
the minimal electromagnetic force when its oscillation frequency
equals the resonance frequency [5, 6]. Since the resonant fre-
quency of the linear compressor is not only related to the mechan-
ical spring elastic coeflicient and the total mass of the actuator but
also varies with the load, it is possible to make the linear com-
pressor motor work under the resonant conditions by tracking
the resonant frequency of the motor current. Therefore, the main
goal of the linear compressor control is focused on how to track
its resonant frequency of the linear compressor to achieve the
efficient operations. The resonant frequency tracking approaches
are thus very important in ensuring the highly efficient and reli-
able operations of the linear compressor under various working
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conditions. There have been several different kinds of resonant
frequency tracking techniques developed for the linear compres-
sors during recent years. A method of average value of stroke-
current product (ASCP) for regulating the resonant frequencies of
the linear compressor with a pulse-width modulation inverter was
investigated in [7]. In [8], a system level controller was proposed
to simultaneously achieve the stroke control and the resonance
tracking by using nonlinear observers for gaining necessary infor-
mation. The emphasis of the method was on the power factor
and efficiency regulations based on the control of the average
value of the product of the piston position and motor current. In
[9], a model reference adaptive system-based resonant frequency
tracking control algorithm was proposed, in which the system
resonant frequency was directly calculated through the parameter
adaptive rate. The effectiveness of the algorithm was verified by
using simulation results. In [10], a learning feed-forward current
controller consisting of a feedback proportional-integral con-
troller and a feed-forward B-spline neural network was proposed
for resonant frequency tracking of linear compressors. The steady
state and transient performances of the controller were verified
by using extensive simulation and experiment results. In [11], a
resonant frequency tracking control strategy was proposed for a
linear compressor to make the system resonant frequency vary
with the force of gas compression. In [12], an adaptive resonant
current controller was designed to allow the compressor to track
the mechanical resonance frequency and simultaneously control
the motor force. The controller was verified by simulation results.
In [13], a phasor algorithm was proposed to calculate the natural
frequency of the linear compressor. The calculated natural fre-
quencies were verified by the tested motor efficiency. In [14, 15],
a novel resonant frequency estimation method that calculates the
phase difference between a supplied voltage and a mover position
was proposed; the method calculates the phase difference by using
the arctangent of a Fourier coeflicient, which controls the drive
frequency to keep the phase difference at 90°. The method was
verified by experiment.

However, most of the conventional resonant frequency tracking
methods depend on the steady state characteristics of the linear
compressor. The existing resonant frequency tracking methods
also mainly depend on the phase signal differences of the motor
currents and piston position and demand the phase signal mea-
surement of the motor currents and piston position individually.
Since these phase signal measurements need at least half electrical
period, the power supply frequency needs to be adjusted every
half electrical period, which will slow down the response of the
resonant frequency tracking. It is obvious that the current reso-
nant frequency tracking methods suffer from the disadvantages of
low response, complex operation and low anti-disturbance ability.
The phase-locked loop (PLL) technology is usually used in phase
synchronization and extraction, etc., and is widely used in power
generation subsystem grid-connection [16, 17], motor control
sliding mode observer angle calculation, etc. [18, 19].

In this paper, a novel PLL-based resonant frequency tracking
control for linear reciprocating compressor is presented. By
adopting a multiplier, low-pass filter and a PI regulator, the

Novel PLL-based resonant frequency tracking control
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Figure 1. Model of mechanical vibration system of the linear reciprocating
compressor.

proposed PLL control method can be used to effectively and
quickly track the resonant frequency and improve the system
efficiency of the linear compressor under variable loading
conditions. The operational principle, design and implementation
procedure of the proposed method are detailed, and the perfor-
mance of the proposed method is demonstrated by extensive
simulation experiments in comparison with other commonly
used algorithms.

The main contributions and innovations are as follows:

(1) The proposed resonant frequency tracking method does
not require complex phase measurements and phase difference
calculation, or the complex coordinate transformation, and can
be easily implemented with high response speed.

(2) The proposed method can also achieve the tracking fre-
quency control that is consistent with the current sampling fre-
quency, which greatly improves the dynamic performance of the
resonant frequency tracking response of the linear compressor
under variable loading conditions.

(3) The proposed method can track the resonant frequency
quickly and effectively, thus improving the system efficiency of the
linear compressor under various loading conditions. Therefore,
due to the significant advantages, the proposed method is deemed
to be appropriate for the proposed compressor applications.

2 THE RESONANT FREQUENCY CONDITION

In order to derive the resonant frequency condition, the efficiency
mathematical model of the linear reciprocating compressor sys-
tem is conducted and analyzed. The linear compressor system
reaches the maximum efliciency when operating frequency equals
to the resonant frequency. Therefore, the resonant frequency
tracking needs to be maintained in order to optimize the motor
efficiency.

2.1. Modeling of the linear reciprocating compressor
system [6]

The model of the linear reciprocating compressor system can
be represented as Figure 1. According to Newton’s second law,
the dynamic equation of the mechanical system of the linear
compressor can be obtained as shown in Equation (1), where
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Figure 2. Equivalent circuit diagram of linear oscillating actuator.

m is the total mass of the actuator and Fj is the load force.
During the movement of the compressor, the working medium
of compression is refrigeration gas, which is a typical nonlinear
gas force.

dx

M——s ~+ ¢V + kx + F; = Fo = kpi 1
a2 m s 1 e F (1)

According to the equivalent circuit diagram in Figure 2, the
voltage equation of the electromagnetic system is

u(t) = Rei(t) + Lo? + kv @)

A linearized model of gas spring is usually employed to model
the nonlinear gas force as shown in Equation (3), where kg is the
equivalent spring elasticity coefficient of the gas force and g is the
equivalent damping coefficient of the gas force.

When the linear oscillating actuator drives the compressor
load, and the gas pressure increases, the gas-force equivalent
spring stiffness coeflicient and gas-force equivalent damping coetf-
ficient will increase accordingly.

Fy = kgx + cgv 3)

The linearized mathematical model of the electromechani-
cal system when the linear oscillating actuator is loaded with a
compressor can be obtained as

2 .
m%—i—C% fo:kpz @
u= Rei+Lo% + kp%C

The pneumatic force is equivalent to the elastic force and damp-
ing force, which are superimposed into the actual elastic force and
damping force as the following:

K =k + kg

Where K is the equivalent spring stiffness coeflicient, C is the
equivalent damping coefficient, under the non-load condition,
cg =kg=0.

1256
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Figure 3. Equivalent circuit diagram of linear oscillating actuator under load
operation.

2.2. Analysis of the system efficiency [ 9 ]
When the voltage source is designed as input, the voltage vector
equation can be expressed as

U=1(Re+jXe) + E=IZc + kpV (6)

According to the expression mode of velocity impedance, we
obtain

m m

Furthermore, the equivalent circuit of the linear oscillating
actuator with mechanical load is shown in Figure 3.

Linear compressor is usually supported by a single-phase
inverter, such that the motor current and voltage are single-phase
AC quantities. The mathematical model of the system is written
in phasor form as Equation (8), where w is the system frequency.

(8)

U = Rel + jwLol + kpV
— mw?X + jwCX 4+ KX = kgl

The voltage—current relationship is

U= |:(Re +ij0) + C+ (mw— K/w)

2
ki }I (9)

The input power is

k:C 2
C2 + (mw — K/w)2:| 1 (10)

P; =Re (UI*) = |:Re +

The output power is
Py = Re (FgV*) = Re[(cgV + ke X) V¥] = ¢ VV* (11)

We have
_ kice
C? + (mw — K/w

[

el (12)
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Figure 4. The schematic of the linear compressor using the proposed resonant frequency tracking method, where LC denotes the line compressor.
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Figure 5. The proposed resonant frequency tracking method, where LPF denotes the low-pass filter.

Then, the efficiency is

P, klzgcg

TP KBC+R, [C? + (mow — K/w)?] =

From Equation (11), it can be seen that the system reaches
maximum efficiency condition when the operating frequency
equals to «/K/m, which is the resonant frequency. Moreover, the
resonance frequency will vary with the equivalent spring elasticity
coefficient kg, which is contained in K. Therefore, the resonant
frequency tracking control must be implemented to reach max-
imum efficiency condition. Furthermore, under resonance con-
dition, the phase angle difference between piston position and
motor current can be derived as

. k .
X = F (14)
(K — ma?) 4 joC
wC
Qx,i = —arctan (m) (15)

It can be seen from Equation (15) that when system reaches
resonant condition, the phase angle difference between piston
position and motor current will equal 90°.

3 THE RESONANT FREQUENCY TRACKING
CONTROL

The section presents the design of the proposed resonant fre-
quency tracking method used in the linear compressor regulation.
The operational principle, the design and the implementation
procedure of the proposed method are detailed.

3.1. The proposed control method

Based on the principle of PLL, an error signal related to the
phase difference between the piston position and motor current is
constructed, and the power supply frequency is adjusted through
the closed loop control to make the error signal equal to zero in
order to realize the resonant frequency tracking control, while the

International Journal of Low-Carbon Technologies 2021, 16, 1254-1263

phase difference is equal to 90°. As shown in Figure 4, the pro-
posed novel resonant frequency tracking method is introduced
in the linear compressor system to track the resonant frequency
such that the line compressor (LC) works efficiently. The LC can
be regulated by using an inverter driven by four channel PWM
(pulse-width modulation) signals, which are generated by the
SPWM (sinusoidal pulse-width modulation) algorithm.

The principle and structure of the resonant frequency tracking
method are illustrated in Figure 5. As shown in the figure, the
method mainly comprises a multiplier, a low-pass filter, a PI
regulator and an adder. After the piston position signal and motor
current signal pass through the multiplier and low-pass filter,
the error signal of the PLL is generated as the input, and the
power supply frequency is regulated by adjusting the power supply
frequency to reach the resonant condition. Then, the input error
signal of the PLL will converge to zero. The proposed method can
be used directly on-line and in real-time to minimize the resonant
frequency tracking error under all conditions.

The working principle of the proposed method is described as
follows.

As shown in Figure 5, the instantaneous signal values of the
motor current i and the piston position x are measured, respec-
tively, then the product (i - x) of the signal values of the motor
current i and piston position x are obtained through a multiplier.
Consequently, the phase signal difference (Aey) of the product
can be obtained by passing the product signal through a low-pass
filter.

The low-pass filtering is performed on the product signal i - x
to obtain the error signal Ae, as Equation (16), where Ag is the
phase difference signal.

Aey, =2 x LPF (i - x) o sin Ag (16)

As shown in Equation (16), the error signal Ae,, is proportional
to the sinusoidal value of the phase difference, which can be
described as Equation (17), where ¢, is the phase of the piston
position signal and g; is the phase of the current signal.

T
A<p=5+</)x—¢i (17)
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Then, as illustrated in Figure 4, based on the phase signal
difference, the electrical frequency of the power supply can be
adjusted through the PI regulator, that is, the SPWM (sinusoidal
pulse-width modulation) frequency of the motor power supply
can be adjusted until the steady-state tracking error signal is
zero. Consequently, the power supply frequency of the linear
compressor will be equal to its resonant frequency and the linear
compressor works under the resonant conditions.

The working principle of the above method can be analyzed as
follows:

The motor current and the piston position signals can be
described as

i = ip sin (ot + @;) (18)

X = Xp, sin (ot + @y) (19)

where w is the power supply frequency (rad/s), i, is the amplitude
of a sinusoidal current waveform and x,, is the amplitude of a
sinusoidal piston position waveform.

Therefore, the product (i - x) can be described as

®
|

= iy sin (ot + ;) - X, sin (ot + @)

L.
= = tm¥m [cos Qut + @i+ @x) — cos (@i — ¢x)]  (20)
Moreover, the error signal Ae, can be calculated as
Aey = 2LPF (i - X) = iyXm cOS (@; — ¢x)
. (T .
= i Xm SIN (E + @x — (pi) = ksin (Ag) (21)

where k is the product of the amplitude of piston position signal
waveform and that of the current signal waveform and LPF rep-
resents a digital low-pass filter, which can filter out the 2w signal
component of the frequency i,x,, sin (2wt + @i + gox).

When the phase error Ap = 7 + @, — g; is relatively small, the
relationship is as follows:

Aey X imxmAp X Ap (22)
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Figure 7. Identification results of resonant frequency.

When the phase error Ap = 7 + ¢x — ¢; is zero, that
is, Ae, = 0, the phase difference between the motor current
and piston position will be 90° (equal to /2 in rad) and then
the linear compressor reaches the resonant state. Hence, the
resonant frequency tracking regulation of the linear compressor
can be achieved by regulating the error signal to zero, i.e.
Ae, = 0.

The above low-pass filter LPF is a first-order filter with variable
cut-off frequency, and the cut-off frequency varies with the actual
power supply frequency w of the linear compressor, w. = w/M
where M = 1.0 ~ 10. By using the low-pass filter with variable cut-
off frequency, the high frequency (2w) component in the product
signal i - x that is independent of the error signal Ae, will be better
filtered out.

The PI regulator adjusts the power supply frequency such that
Ae, = 0. The regulator utilizes an incremental adjustment mode,
that is,w(k) = w(k — 1) + PI(Ae,), where w(k — 1) is the
power supply angular frequency of the previous control period
and the initial value is the intermediate value within the operating
frequency range of the linear compressor, that is, @ (0) = wmax/2.
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Figure 8. Simulation results of piston position and motor current.

In addition, by keeping the voltage amplitude Uy, of the linear
compressor power supply unchanged, the voltage phase angle 6
can be obtained by the integration of the power supply frequency
o with respect to time. Then, according to the power supply
voltage amplitude U,, and voltage phase angle 6, the four channel
PWM signals can be produced through the SPWM algorithm and
can be used to control the inverter. Then, the single-phase AC
inverter output can be generated to drive the linear compressor.

3.2. The implementation procedure

The proposed resonant frequency tracking method can be
implemented in the LC system. In order to ensure that the
LC operates under the resonant frequency condition over a
wide range, a detailed implementation procedure is required.
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steady state.
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Figure 10. Response of system resonant frequency.

Therefore, the implementation procedure of the proposed
method can be described as follows:

(a) Collect the instantaneous signal value of the stator current i
of the linear compressor by using a current sampling chip. Collect
the instantaneous signal value of the piston position x by using a
resistance type position sensor.

(b) Obtain the product (i - x) through a multiplier.

(c) Consequently, the phase signal difference (Ae,) of the
product can be obtained by passing the product signal through
a low-pass filter.

Aey, = 2LPF (i - x) (23)

The transfer function of the digital low-pass filter can be
described as

Aey, = 2LPF (i - x) (24)
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Figure 11. Response of piston position and motor current.

where the cut-off frequency w. = w/M and the value of M can be
selected within the range of 1.0 ~ 10.

(d) Then, use a PI regulator to adjust the power supply fre-
quency such that the error signal Ae, converges to zero. The
detailed procedure is as follows: when A¢ > 0, increase the
power supply frequency; when Ag < 0, reduce the power supply
frequency; when A¢ = 0, keep the power frequency unchanged,
that is, the current frequency is the resonant frequency.

By using the incremental PI regulator, namely, the output of PI
regulator is added to the power supply frequency of the previous
control state to obtain the current power supply frequency that
needs to be applied, namely,

w(k) = w (k — 1) + PI (Aey) (25)
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Figure 12. Phase angle difference between piston position and motor current at
new steady state.

(e) Keep the voltage amplitude U, of the compressor power
supply unchanged; obtain the voltage phase angle 6. through the
integration of power supply angular frequency w with respect
to time. Then, according to the voltage phase angle 6. and the
voltage amplitude U,,, generate the four channel PWM signals
through the SPWM algorithm for controlling the inverter such
that the single-phase AC electrical output from the inverter can be
produced to drive the linear compressor. The calculation formula
can be designed as

Oc(k) = 6 (k — 1) + w (k) - Ts (26)

where T is the control period, which is equal to the current
sampling period.

4 RESULTS AND DISCUSSIONS

The performance of the proposed control method is verified
through simulation experiments and comparisons with the com-
monly used algorithms. A linear compressor control system based
on the ASCP [7] algorithm is also constructed in Simulink to
demonstrate the advantages of the proposed algorithm.

4.1. Control system and startup performance
A linear oscillating actuator control system with the proposed
method is constructed in Matlab/Simulink as shown in Figure 6.

The motor parameters in simulation are given as follows:

Re =18 2, Ly = 0.59 H, kp = 47.08 N/A, m = 0.93 kg,
cg = 20 N.s/m and kg = 30 kN/m, i.e. the system resonant
frequency is equal to 28.59 Hz. At startup, the target amplitude is
set to 5 mm, and the system startup frequency is equal to 23.34 Hz,
the PI controller parameters are as follows: kp =20, k; = 300 for
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Figure 14. Comparison of PLL algorithm and ASCP algorithm under the first
type of operating condition.

stroke controller; kp = 1, k; = 30 for frequency controller, M = 6
for the low-pass filter. In addition, the original piston position
signal is amplified by 1000 times to improve the control accuracy.

As shown in Figure 7, the dotted lines represent the actual
system resonant frequency of 28.59 Hz, and the 1% settling
time of the estimated system resonant frequency is 0.384 s, which
demonstrates that the proposed method has the advantages of fast
convergence speed and acceptable accuracy.

Figure 8 shows the response curve of piston position and motor
current during startup process. Under PLL control strategy, the
operating frequency quickly converges to the real system reso-
nant frequency, and the spike current only appears at the startup
instant. As shown in Figure 8, under the adjustment of the closed-
loop stroke controller, the stroke value quickly reaches the tar-
get value with a small overshoot. Figure 9 illustrates that the
steady-state phase angle difference between piston position and
motor current is equal to 90°, which verifies the accuracy of
the proposed PLL-based resonance frequency tracking control at
startup.
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Figure 15. Comparison of PLL algorithm and ASCP algorithm under the second
type of operating condition.

4.2. Response to step load change

A sudden discharge pressure increase of the compressor causes
a step load change. Several literatures indicate that the discharge
pressure increase of linear compressors causes an increase of
kg and cg. Therefore, the system equivalent spring coefficient K
increases, which increases the system resonance frequency.

Figure 10 shows that the estimated resonance frequency
value converges from initial value of 28.59 Hz to the target
value of 30.88 Hz in 0.126 s, which verified that the pro-
posed PLL-based resonance frequency tracking control has fast
response speed and high convergence accuracy to step load
change.

Figure 11 shows that under the adjustment of the stroke closed-
loop controller, the stroke amplitude reaches the target value after
about 0.3 s, and there is no spike in the current response. Figure 12
illustrates that the steady-state phase angle difference between
piston position and current is still equal to 90°, which also verifies
the accuracy of the proposed PLL-based resonance frequency
tracking control at step load change.
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4.3. Comparison with ASCP algorithms

Figure 13 shows the structure diagram of ASCP-based linear com-
pressor control system; furthermore, the motor parameters, oper-
ating conditions and the control parameters of the stroke con-
troller are the same as Section 4.1.

Figure 14 illustrates that at startup process, the PLL algorithm
achieves +1% error with a settle time of 0.384 s, while ASCP
algorithm achieves +1% error with a settle time of 0.531 s. The
PLL algorithm has much faster convergence speed compared with
the ASCP algorithm at startup process and decrease the setting
time by about 27.7%.

Figure 15 shows that at step load change condition, the PLL
algorithm achieves +1% error with a settle time of 0.126 s, while
ASCP algorithm achieves £1% error with a settle time of 0.339 s.
The PLL algorithm has much faster convergence speed compared
with the ASCP algorithm at step load change condition and
decrease the setting time by about 62.8%.

5 DISCUSSIONS

The slow convergence of the ASCP algorithm is due to using
the ASCP value as a reference for frequency adjustment. A large
ASCP value causes an increase of frequency adjustment rate,
while a small ASCP value causes a reduction of frequency adjust-
ment rate. However, the ASCP value is not only related to the
phase angle difference between piston position and motor cur-
rent but also related to the product of stroke and peak motor
current.

At startup process, the ASCP value is very small due to that
the stroke and motor current have not reached their steady state.
Therefore, a lower frequency adjustment rate is adopted, which
causes the ASCP algorithm to converge slowly. At step load change
condition, the calculation of ASCP value requires the integration
calculation in the oscillating period corresponding to the supply
voltage frequency, while the sudden change in supply frequency
causes the hysteresis and oscillation in the calculated ASCP value,
which will lead to a decrease in the dynamic performance of
resonant frequency tracking.

In the proposed PLL algorithm, by constructing the product
signal of current and displacement, and performing low-pass
filtering of the signal with variable cut-off frequency, a real-time
error signal proportional to the phase angle difference of i-x is
obtained. The refresh frequency of the real-time error signal is
proportional to the current sampling frequency, which is much
higher than the system oscillation frequency and can continu-
ously reflect the phase angle difference between the piston posi-
tion signal and motor current signal when the working conditions
change. The voltage phase is adjusted by the PLL control to
realize the resonant frequency tracking control. When the real-
time error signal converges to zero, the resonant frequency track-
ing control is realized. Therefore, the proposed PLL algorithm
has a much faster dynamic response compared with the ASCP
algorithm.
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6 CONCLUSION

In this paper, a novel PLL-based resonant frequency tracking
method has been proposed for the linear compressor.

(1) The resonant frequency condition was derived by analyzing
the efficiency model of linear reciprocating compressor system.

(2) The method proposed in this paper only needs the measure-
ments of the instantaneous signal values of the motor current and
the piston position.

(3) In the proposed method, a multiplier and a low-pass filter
are used to obtain the phase signal difference, and then a PI
regulator is used to make the phase signal difference converge
to 90°. Therefore, the resonant frequency tracking and the high-
efficiency resonant working conditions of the linear compressor
can be achieved effectively.

(4) The detailed resonant frequency condition is analyzed and
then the detailed design procedure of the proposed method is
presented.

(5) The designed method and the resonant frequency char-
acteristics of the proposed control method are verified by using
the simulation experiment and comparisons with the other com-
monly used algorithms. The results indicate that the PLL algo-
rithm achieves £1% error with a regulation time of 0.126 s, while
ASCP algorithm achieves +1% error with a regulation time of
0.339s.

The proposed method has been only verified by simulation,
but there are no experimental results. In the future, the proposed
method should be verified by experimental results, which will
promote the industrial application of novel resonant frequency
tracking control of the linear compressor.
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